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ABSTRACT. The theory of first-order differential subordination developed by Miller and Mo- 
canu was recently extended to functions with fixed initial coefficient by R. M. Ali, S. Nagpal 
and V. Ravichandran [Second-order differential subordination for analytic functions with fixed 
initial coefficient, Bull. Malays. Math. Sci. Soc. (2) 34 (201 1), 61 1-629] and applied to ob- 
Q-[ tain several generalization of classical results in geometric function theory. In this paper, further 

^ ■ applications of this subordination theory is given. In particular, several sufficient conditions re- 

lated to starlikeness, convexity, close-to-convexity of normalized analytic functions are derived. 
Connections with previously known results are pointed out. 



1. Introduction 

For univalent functions f(z) = z + a2Z 2 H defined on the unit disk D:={zGC: \z\ < 1}, 

the famous Bieberbach theorem shows that |a2| < 2 and this bound for the second coefficient 
yields the growth and distortion bounds as well as covering theorem. In view of the influence 
of the second coefficient in the properties of univalent functions, several authors have investi- 
gated functions with fixed second coefficient. For a brief survey of the various developments, 
mainly on radius problems, from 1920 to this date, see the recent work by Ali et al. [2i]. The 
theory of first-order differential subordination was developed by Miller and Mocanu and a very 
comprehensive account of the theory and numerous application can be found in their mono- 
graph [6|. Ali et al. [3] have extended this well-known theory of differential subordination to 
the functions with preas signed second coefficients. Nagpal and Ravichandran [7 J have applied 
the results in fl3j to obtain several extensions of well-known results to the functions with fixed 
second coefficient. In this paper, we continue their investigation by deriving several sufficient 
conditions for starlikeness of functions with fixed second coefficient. 

For convenience, let s$ n # denote the class of all functions f(z) = z + bz n+l + a n \ 2'" 1 H 

where n G N and b is a fixed non-negative real number. For a fixed \l > 0, let J%?n,n consists of 
analytic functions p on D of the form 

(1.1) P(z) = l+Hz n + Pn+iz n+l + ■ ■ ■ , n E N 

Let Q. be a subset of C and the class consists of those functions i/a : C 2 — > C that 

are continuous in a domain D C C 2 with (1,0) 6 D, \j/(l,0) E Q., and satisfy the admissibility 
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condition: 

\j/(ip,a)^Q. whenever (ip,o)eD and 
(1.2) <7 -"K" + 2Tm) (1+p2) ' P eR ' n ^ L 

When ^ = {w:Rew>0}, ^^[H] = < P^,, n . The following theorem is needed to prove our 
main results. 

Theorem 1.1. @ Theorem 3.4] Let p e J^,„ with < n <2. Let y e *P B)M witfj <moci- 
ated domain D. If '(p(z),zp'(z)) E D andRe\^(p(z) 1 zp'(z)) > 0, thenRep(z) > Ofor z EB. 

For < 05, J3 < 1, Ravichandran al. lHOl have shown that a function / of the form 
f(z) = z + a n+ iz n+1 + ■■■ satisfying 

is starlike of order /3. Several authors have investigated the functions satisfying (11.31) . see flUHl 
IH HI. In the first result of Theorem 12. 1[ we obtain the corresponding result for / G s$ n j,. 

For function p of the form p(z) = 1 + p\z + piz 1 H , Nunokawa al. JH showed that for 

analytic function w, ocp 2 (z) + Pzp'(z) -< w{z) implies Rep(z) > 0, where /3 > 0, a > — j8/2. 
See also [11]. Lemma [2T6l investigate the conditions for similar class of functions. 

For complex numbers /3 and y with /3 7^ 0, the differential subordination 

where (7 is analytic and h is univalent with q(0) — h(0), is popularly known as Briot-Bouquet 
differential subordination. This particular differential subordination has a significant number 
of important applications in the theory of analytic functions (for details see [6]). The impor- 
tance of Briot-Bouquet differential subordination inspired many researchers to work in this area 
and many generalizations and extensions of the Briot-Bouquet differential subordination have 
recently been obtained. Ali et al. [QQ| obtained several results related to the Briot-Bouquet dif- 
ferential subordination. In Lemmas 12.21 and l23l the Briot-Bouquet differential subordination is 
investigated for functions with fixed second coefficient. 

2. Sufficient conditions for starlikeness and univalence 

Theorem 12.11 provides several sufficient conditions for starlikeness of order j6, < j6 < 1 
while Theorem 12.31 gives sufficient conditions for the inequality Re(/'(z)) > /3 to hold. For 
/3 = 0, this latter condition is sufficient for the close-to-convexity and hence univalence of the 
function /. 

Theorem 2.1. Let a > 0, /3 7^ 1, and < /1 < 2. Let 8\, 82, 83 and 84 be given by 
S, = -f (1-/5) ( n + J^f) + (' -«)/5 + «)3 2 , 

* = -5( 1 -«(- + 5^) + "- 
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S 3 = 



8a = 



2(1-/3) 

(n+£g), // 0</3<± 



2(1-/3) 

-1 



Iff&^nb satisfies one of the following subordinations 



(2.1) 

(2.2) 

(2.3) 

(2.4) 
then 



z/'(z) f z/"(z) 



/(z) 
z/(z) 
/(z) 



a 



+ 1U 



1 + (1 -2gQz 
1-z ' 



/'(z) 

zAz) zf'{z)\ ,l + (l-2fc)z 
/'(z) 



z/"(z) 



(i - a) w + n i+ 7# M 

1 | zT(z) z/'(z) , l + (l-2&Qz 



1-z ' 
l + (l-25 3 )z 



1-z 



f(z) /(z) 



1-z 



z/(z)^ 1 + (1-2j8)z 



/(z) 



1 



Theorem 2.2. Let a > 0, j3 ^ 1, and < /i < 2. Le? 5i, 62, 63 and £4 Z?e given a* in 
Theorem 2.1. If f e =042, satisfies one of the following subordinations 



(2.5) 

(2.6) 

(2.7) 

(2.8) 
then 



zf'(z) 
/(z) 



1 -2a - a 



zAz)^ , l + (l-25i)z 
/'(z) 



zf{z)fzf{z) zf"{z) 



f(z) V/(z) /'W 



^ 1-z 
l + (l-252)z 



-(1-a) 



z/(z) 
/(z) 



-a 1 + 



z/"(z) 
/'(z) 



1-z ' 
l + (l-25,)z 



1 



t zT(z) | zf'(z) ,l + (l-2fr)z 



/'(z) /(z) 



1 



z/'(z) ^ 1 + (1-2j8)z 



/(z) 



1 



Theorem 2.3. Lei ce > 0, J3 7^ 1, anJ < /i < 2. Lei 5i, ^2, ^3 and 84 be given as in 
Theorem 2.1. If f e =042, satisfies one of the following subordinations 



(2.9) 

(2.10) 

(2.11) 



/'(z) 



a 



zf"{z) 

m 



+ /'(z)-l + 1 



-<; 



l + (l-2fr)z 
1-z ' 



/'(z)+z/"(zH 
z/"(z) 



l + (l-2fc)z 



a 



/'(z) 



+ /'(zH 



1-z ' 
l + (l-2g 3 )z 
1-z ' 



(2.12) 
then 
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zf"{z) ^ l + (l-2S 4 )z 



l-z 



f'(z) -< 



l + (l-2/3)z 
l-z 



The proof of these two theorems follows from the following series of lemmas. 
Lemma 2.1 . Let a > 0, j8 ^ 1, y > 0, and < < 2. For function p e and 



5:= 



r 



(1-/3) n + 



2-H 
2 + n 



if p satisfies 

(2.13) 

then 



(1 - a)p(z) + ap (z) + yzp'{z) -< 



+ (l-a)/3 + a/3 2 , 
l + (l-2fi)z 



l-z 



p(z) -< 



l + (l-2/3)z 
l-z 



PROOF. Define the function q : D -> C by g(z) = (p(z) - j8)/(l - jS). Then g is analytic 
and (1 — fi)q(z) +j8 = By using this, the inequality (|2.13l) can then be written as 

Re [(1 - JS)(1 - a + 2a/3)<?(z) +a(l - JB)V (z) + 7(1 ~M(z) + (1 - a)/3 + a/3 2 - 5] > 0. 

Define the function i// : C — > C by 

yfcs) = (l-/3)(l-a + 2a/3)r + a(l-/3) 2 r 2 + y(l-/3> + (l-a)/3 + a/3 2 -5. 

For p G R, n > 1 and c satisfying (11.21) . it follows that 

Rei//(z'p,a) 

= Re[(l-/3)(l-a + 2a/3)/p-a(l-/3) 2 p 2 + r(l-/3)a + (l-a)/3 + a/3 2 -5] 
= 7(1 - P)a - a(l - /3) 2 p 2 + (1 - a)/3 + a/3 2 - 8 



< 7(1-/3) 



7 



~(1-|8) » + 



2-M 
2 + /x 
2-M 
2 + jU 



(1+P 2 



-a(l-/3) 2 p 2 + (l-a)/3 + a/3 / -5 



+ (l-a)/3 + a/3 2 -5 



-(1+P Z 



7 



J(l-j8)(n + 



(l+p 2 )-a(l-/3) 2 (p 2 + l) + a(l-/3) 2 
2-M 



+ a(l-jB)' 



<-l(l-j8) n + 



2-M 
2 + /i 



2 + jU 

+ (l-a)/3 + a/3 2 -5. 



+ a(l-/3) 2 + (l-a)/3 + a/3 / -5 



Hence Re \\r(ip,o) < 0. By Theorem ITTTl Reg(z) > or equivalently Re p(z) > /3. 
Lemma 2.2. Let a > 0, j8 7^ 1, y > 0, and < ^ < 2. For function p e and 



□ 



7 



(1-/3) n + 



2-M 
2 + ju 



+ a/3 
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if p satisfies 



otp(z) + yzp' (z) -< 



l + (l-25)z 



then 



p(z) -< 



l-z 

l + (l-2/3)z 
l-z 



Proof. First, replace a = in Lemma [27T1 and then replace 7 by y/a to yield the result. 

□ 

Lemma 2.3. Let a > 0, /3 ^ 1 and < /1 < 2. Let 

W$ + +P-=k, // 0</3<I 



2/3 

If the function p G ^u,n satisfies 
(2.14) 



z//(z) l + (l-25)z 



p(z) -< 



P(z) l-z 
1 + (1-2JS)z 



l-z 



PROOF. Similar to the proof of Lemma I2TT1 let q : D — > C be given by q(z) = (p(z) 
j8)/(l — j8). Then inequality (12.141) can be written as 

GS(l-jB) 



(2.15) 



Re 



(1-J8k(z)+J8 



z</(z)-S 



>0. 



Define the function y : C — > C by 



Then Re yf(q(z),zq'(z)) > and Rey(l,0) > 0. To show that 1// G *F M) n, by using (O) . it 
follows that 

Re \ff(ip,a) = Re 



Re 



(1 -^ + (l-Wp + /3 g + /3 " g 
n «v~. «j8(l-]8) ^ «(l-/3) 2 /p _ ., s 



/3 2 + (l-/3) 2 p 2 /3 2 + (l-/3) 2 p 2 



< 



/3 2 + (l-/3) 2 p 2 
«j8(l-j8) 



a + /3-5 



2-JL 

/3 2 + (l-/3) 2 p 2 L 2 V" ' 2 + Ai 
aj8 



(1+P Z 

2 



For 1/2 < /3, the expression 



1+p^ 



/3 2 + (l-/3) 2 p 2 
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attains minimum at p = and therefore 

a/3 



Ro ¥ (ip,a)<--^(l-[5)[n + 



1 x 
So +P-01 



-a 



(1-/3) n + 



2 + P 2 
2-jA 



Hence Re \j/(ip,G) < 0. 
For0</3 < 1/2, 



Rev/(*'p,<7) < 



a/3 



(1-/3) n + 



2 + 



2-m 



+ /3-5l 



-a/3 



n + 



2 + fiJ (1-/3) 2 
2-/A 



2 + n) 



+ J8-52- 



2(1-/3) 

Hence Re i//"(z"p , a) < 0. Thus Theorem fTTI implies Req(z) > or equivalently Rep(z) > /3 . □ 
Lemma 2.4. Let ^ and 0< n <2. Let 



2(1-/3) 



2-M 
2+M 



if o<p< 



^(l-j8)(n + |^), i/ I</3, 
If the function p G satisfies 



(zeD). 



then 



zp'jz) , l + (l-2g)z 
/?(z) 1-z 

l + (l-2j6)z 



p(z) -< 



1-z 



Proof. Let g (z) = (p(z) -j8)/(l -j8) or (1 -j6) g (z) +j8 = /?(z). Then 

z^(z) (1-/3) 



(2.16) 
Define \]f : C 2 ->• C by 



p(z) (1-j8) 9 (z)+j8 



z#'(z). 



5. 



(l-p> + /3 

Then i//(r, 5) is continuous on C — {— /3 /( 1 — /3) } and by using (11.21) . it follows that 

(1-/3) 



Rei//(/p,c7) = Re 
= Re 



(l~P)ip+P 
J8(l-j8) 



0-8 



(l-/3) 2 /p 



/3 2 + (l-j6) 2 p 2 /3 2 + (l-/3) 2 p 2 
J8(l-j8) 



C7-5 



< 



/3 2 + (l-/3) 2 p 2 

1(1-/3) 
/3 2 + (l-/3) 2 p 2 



C7-5 

1 

'2 



2-M 
2 + Ai 



(1+P S 



-5 
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Vg)f. + ^ L.' +p L., i-«- 



2 V ^ V 2 + V/3 2 + (1 -/3) 2 p 2 
For 1/2 < /3 < 1, the expression 

1+p 2 
/3 2 + (l-/3) 2 p 2 
attains its minimum at p = and therefore 

Re^ip.CT) < -/S) + 



2/3 v ^ V 2 + M 

Hence Re y(ip,o) < 0. 
For0</3 < 1/2, 



2(1-0) V 2 + /J. 

Hence Re vt z P , c) < 0. Thus Theorem l 1 . 1 l implies Reg(z) > or equivalently Rep(z) > /3 . □ 
Lemma 2.5. Let a>0, [5 1, and 0< n <2. Let 



+ if 7>«(l-2/3), 



Z6 



If the function p G ^u )M satisfies 

p(ZJ H < : 

ap(z) + 7 1-z 

then 

p(z) , I±™ 
1 -z 

Proof. Define a(z) = (p-jS)/(l -j8) or (1 -j8)o + j8 =p(z). Then 

<2 ' 17) "W + ^ 7 - (i - »«M + P + ^iJUy+W+r ^- 



Define ^ : C 2 -> C by 



yM = (l-P>+ n ( Q \ ^ 5 s + P-8. 



Thus y/(r,s) is continuous and using (11.21) . it follows that 
ReyA(/p,a) = Re 

(l-/3)(a/3 + 7 ) 



(l-j3)/p+ - ^. /3) a + /3-5 



;«/3+7) 2 + a 2 (l-/3) 2 p 2 



a + /3-5 



8 
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< (l-P)(aP + y) 



+ P-S 



,a/3+r) 2 + a 2 (l-/3) 2 p 2 

= ^-(l-/3)(a/3+r) (n + l^) (t-h J +P L 7 ) +J8-5 

2 V ^ n "V 2 + M/ V( a J 8 + r) 2 + a 2 (l-j8) 2 P 2 / 



For 7< a(l-2j8), 



Rey(ip,CT) < -^(l-j8)(aj8+y) (n + ^— ^ ) Q . 9 +/3-5 



2 + M 7 a 2 (l-j8) 2 
-1 (a/3 + 7) / 2-jiA 



2 a 2 (l-/3) 

Hence Re \j/(ip,a) < 0. 

For 7 > a ( 1 — 2/3 ) , the expression 

1+p 2 



+ JB-5. 



(a/3 + 7) 2 + a 2 (l-/3) 2 p 2 
attains minimum at p = and therefore 

R^ (i p, CT )<^(l- W ^ + r) („ + ^) I -^ + P - S 



-1 (1-0) / 2-n\ „ . 

Thus Re i//(?'p , <j) < and result follows. □ 
Lemma 2.6. L<?; a > 0, /3 7^ 1, 7 > 0, and < /I < 2. If the function p e satisfies 

(2.18) «p 2 (z) + 7zp / (z)^ 1 + ( 1 ~ 2g ) z ( zGD ) 

1 -z 

1 -z 

Proof. Define g(z) = (p(z) - j8)/(l -j8) or (1 - j6)g(z) +j8 = p(z). Using this it can be 
shown that inequality (12.181) can be written as 

Re [o((l -P)q( z ) +/3) 2 + 7(l -J8)z^(z) - 8] > 0. 
Then i/A(r, s) is define by 

= a[(l - P)r + /3] 2 + 7(1 -p)s - 8. 

By using (11.21) . it follows that 
Re i//(/p,a) 

= Re[a((l-/3)/p + /3) 2 + 7(l-/3)a-5] 
= -a(l-/3)p 2 + a/3 2 + 7(l-/3)a-5 
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2-n 



< 7(1-/3) 



1 

"2 



n + 



2 + ii 



-(i+P 2 ) 



7 



(1-/3) n + 



(1+p 2 ) + a/3 2 -a(l-/3)p 2 -5 
(l+p 2 )-a(l-/3) 2 (p 2 + l) + a(l-/3) 2 + a/3 2 -5 

2 + Ai 



+ a(l-/3) 2 + a/3 2 -S 



+ a(l-/3) 2 

Hence Re ty/(«p, o) < 0, and Theorem 11.11 implies Req(z) > or equivalently Re p(z) > /3 . □ 
Proof of Theorem 12 . 1 1 By taking p(z) = zf'(z) /f(z), we have the following: 

Zf ' (z) («77^ + 1) = (1 - «)p(z) + ocp 2 (z) + azp'(z), 



f(z) 
zf'jz) 

m v 1 m m 



2+ 



zf'(z) zf(z 



-ygy 1 =P{Z)+ZP (Z) 



(1-a 



/(*) 



+ CC 1 + 



p(z) + a 



z//(z) 

p(z) ■ 



z/"(z) zf'jz) _ zp'jz) 



f(z) f(z) p(z) ' 
Hence the result follows from Lemmas [2 . 1 [ 12 . 2[ [2731 and 12.41 

PROOF OF THEOREM 12 .21 By taking p(z) = -zf'(z) /f(z), we have the following: 

zf'(z) 



(l-2a- a ji^j = C 1 - + «P 2 (z) + «z//(z) 



/(z 

zf'(z) fzf'(z) zf"(z 



f(z) \f(z) f'(z) 
M'(z) 



p(z)+zp'(z) 



/(z) 



a 1 + 



f(z) 



= p(z) + a 



zp'jz) 
P(z) 



zf"(z) zf\z) zp'(z) 

f(z) + m P {z) • 

Hence the result follows from Lemmas [2. 11 12.21 [231 and 12.41 

Proof OF Theorem 12.31 By taking p(z) = f{z), we have the following: 

f'(z) (a (y^+f'(z) ~ l) + 1) = (1 - a)p{z) + a P 2 (z) + az P '(z), 

f'(z) + azf(z)=p(z) + az P '(z), 

zf"(z) rll s , s zp'(z) 
a^ 7 ±l+f'(z)=p(z) + a- F 



f(z) 
zf"(z) _ zp'jz) 
f'(z) P{z) 



P(z) ' 



□ 



□ 
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Hence the result follows from Lemmas [2. 1 112.21 [2731 and I2.4L □ 
Remark 2.1. 

(i) For /3 = 0, the condition (12.91) — (12. 12b gives a sufficient condition for close-to-convexity 
and hence for univalence. 

(ii) If fl = 2, result (12.11) reduces to [10, Theorem 2.1]. If \l = 2, and f'{z) is considered 
as f(z)/z, result (12.101) reduces to lHOl Theorem 2.4]. Inequality (12.1 II) reduces to lH3l 
Theorem 2, p. 182] in the case when \x = 2,n= \ and /3 = 1/2. Furthermore, if \x = 2, 
n = 1 and /3 = (a + 1)/2, result (12.121) reduces to [9, Theorem 1]. 
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